We consider single charged Higgs (H ± ) production in association with a W ± boson at µ + µ − colliders, in the context of the general CP violating Two Higgs Doublet Model (2HDM). We find that large cross-sections for the processes µ + µ − → H + W − , H − W + are possible, and offer an attractive way of producing H ± at µ + µ − colliders. The difference in the cross-sections for H + W − and H − W + may exceed 1000 fb, and this represents a novel way of probing CP violation in the Higgs sector.
Introduction
Charged Higgs bosons (H ± ) are predicted in many extensions of the Standard Model (SM), in particular the Minimal Supersymmetric Standard Model (MSSM). Their phenomenology [1] has received much attention both at e + e − colliders [2] and at hadron colliders [3] , [4] , [5] . At e + e − colliders production proceeds via the mechanism e + e − → γ * , Z * → H + H − , with higher order corrections evaluated in [6] , and detection is possible for M H ± up to approximately √ s/2. The combined null-searches from all four LEP collaborations derive the lower limit M H ± ≥ 77.3 GeV (95% c.l) [7] .
In recent years an increasing amount of work has been dedicated to the physics possibilities of µ + µ − colliders [8] , [9] . Such colliders offer novel ways of producing Higgs bosons, and much attention has been given to the study of neutral Higgs bosons produced as resonances in the s-channel [10] , [11] .
The phenomenology of H ± at µ + µ − colliders has previously been considered to be more or less identical to that at e + e − colliders. This is because the pair production processes of e + e − , µ + µ − → H + H − have been assumed to have the same rate at both colliders. This is the case in the MSSM, where the Higgs mediated s-channel diagrams have been shown to be negligible at a µ + µ − collider [12] . The single production of H ± via the process e + e − → H ± W ∓ [13] , which proceeds dominantly via loops, has relatively small rates. An analysis in the context of the LHC has been covered in [14] . At a muon collider this process can have a much larger cross-section because the tree-level diagrams, which are suppressed by m 2 e in the e + e − case, are proportional to m 2 µ , and become by far the dominant contribution.
The mechanism µ + µ − → H ± W ∓ was first considered in [15] and subsequently developed in [12] . It possesses several advantages over the conventional pair production process,
In particular, H ± may be produced on-shell for M H ± ≤ √ s−M W , which compares favourably with the kinematic reach for pair production (M H ± ≤ √ s/2). In addition, backgrounds are expected to be relatively small, since for H ± → tb decays the main background would be from µ + µ − → tt production which has a cross-section of 700 fb at √ s = 500 GeV. In [12] an analysis in the context of the MSSM showed that sizeable cross-sections (≥ 20 fb) can be attained for tan β ≥ 40. In this paper we consider the general (non-SUSY) Two Higgs Doublet Model (2HDM), which has the added advantage of allowing CP-violation in the tree-level Higgs potential. In contrast to the MSSM, all the Higgs masses may be taken free parameters and so one would expect larger cross-sections, as well as CP asymmetries in the rates for µ
We will show that such a production mechanism may provide a copious source of H ± as well as offering a novel way of probing CP violation in the Higgs sector, the latter not being possible in the standard mechanism µ + µ − → H + H − . Our work is organized as follows. In Section 2 we introduce the 2HDM potential, and section 3 derives explicit formulae for the cross-sections. In Section 4 we present our numerical analysis while section 5 contains our conclusions.
2HDM Potential
The most general 2HDM potential which violates CP and only softly breaks (by dimension 2 terms) the discrete symmetry Φ i → −Φ i contains 8 free parameters at tree-level [16] . We will follow the notation of [17] . The potential is given as follows.
where
and
CP violation, either spontaneous or explicit, requires the presence of V sof t which breaks the discrete symmetry softly. If all the parameters are real, spontaneous CP violation can still occur provided that: µ 2 12
CP violation will be explicit if Im(µ * 4 12 λ 5 = 0). In the CP conserving case one finds two CP even neutral scalar eigenstates, h 0 , H 0 , and a CP odd eigenstate A 0 . In the CP violating case, mixing is induced between the CP even and CP odd neutral scalar fields, resulting in three mass eigenstates H 1 , H 2 , H 3 with no definite CP quantum numbers. In the MSSM, such mixing may be induced when one considers the 1-loop effective scalar potential. This would also lead to a rate asymmetry in the processes µ
+ and this will be addressed in [18] . The neutral scalar mass squared matrix M 2 S is diagonalized by the matrix O ij :
We will parametrize the matrix O ij by using three Euler angles as follows. 
The CP conserving limit is obtained by taking two of the Euler angles equal to zero, and so the eigenstates of M 2 S become pure CP eigenstates, h 0 , H 0 and A 0 . This results in a potential with 6 free parameters, V symm . The condition for maximum CP violation was considered in [19] .
Single H ± production may proceed via an s-channel resonance mediated by H i , and by t-channel exchange of ν µ (see Fig. 1 ). We will present explicit formulae for the processes
+ by adapting the formulae presented in [12] , to which we refer the reader for a detailed explanation of our notation. As explained in [12] , model II type couplings are required for this production mechanism to have an observable rate.
The CP violation originates from the s-channel diagrams and the st interference, and is caused by the elements of O ij which mix the pure CP even and CP odd scalar fields. In the s-channel diagrams the couplings at the vertices (g H i H + W − , g H iμ µ ), which are either purely real or purely imaginary in the CP conserving case, possess both a real and imaginary part. We will show that this induces a difference in the rates for µ
The CP violating couplings are as follows:
where i = 1, 2, 3. We now present the formulae for the matrix elements for for H + W − and H − W + production. The matrix element squared for µ + µ − → H + W − is as follows:
Where
, S F (t) = 1/t, and the propagators S H i are given by:
The matrix element squared for
The origin of the CP violation is the interference between the weak phases (phases in the g H i H ± W ∓ and g H iμ µ ) and absorptive phases (phases in the S H i ), as can be seen in (8) and (10) . The differential cross-section for σ(µ + µ − → H ± W ∓ ) may be written as follows:
The total cross-section, σ tot , is defined by:
In the CP conserving case the g H i H ± W ∓ are g H iμ µ are either purely real or purely imaginary and the two rates are the same. In the CP violating case one can define a rate asymmetry as follows:
Although this is a measure of the magnitude of the CP violation, analogous to the direct CP asymmetry in the partial widths of B hadron decays, the difference in the rates (σ dif f ) is of more use experimentally:
4 Numerical results
We will present results for the CP violating 2HDM. For the CP conserving 2HDM, σ tot is usually very close in value to that of the CP violating case (for the same choice of Higgs masses and tan β), and so we do not explicitly show results. The mass splittings of the Higgs bosons contribute to the ρ parameter at the 1-loop level, and these extra contributions are constrained by −0.0017 ≤ ∆ρ ≤ 0.0027 [20] . Therefore in our numerical analysis we impose the formulae for ∆ρ in [21] , which are valid for the CP violating 2HDM. We will assume integrated luminosities of the order 50 fb −1 per year.
Measurements of b → sγ strongly restricts the allowed values of M H ± in the 2HDM with Model II type couplings. Recent measurement suggest M H ± ≥ 200 GeV for tan β ≥ 1 [22] .
We show in Fig. 2a and 2b σ tot and σ dif f as a function of √ s, for tan β = 4, 20, 50. We have fixed the Euler angles such that the values O 21 = O 22 = O 23 = 1/ √ 3 are reproduced, and the masses of H 1 , H 2 , H 3 are fixed at 100, 400, 700 GeV respectively; we also take M H ± = 200 GeV. In Fig. 2a one can clearly see the large rises in σ tot when √ s ≈ M H i , which corresponds to the familiar resonance effect. Such an enhancement is never possible in the MSSM case [12] since M A ≈ M H ≈ M H ± , and so the conditions for on-shell production ( √ s ≥ M H ± + M W ), and the resonance condition (
never simultaneously be satisfied. Fig. 2a shows that σ tot is maximized at the resonance ( √ s ≈ M H i ) and large tan β. In such cases σ tot ≥ 1000 fb is possible, and represents a copious source of H ± . In Fig. 1b we can see that σ dif f is maximized with the same conditions that maximized σ tot , and is always negative for the input parameters considered. Values of σ dif f up to 150 fb are possible for large tan β. With the expected luminosities of order 50 fb −1 , even σ dif f ≥ 2 fb would lead to a mismatch of ≥ 100 events in the rates for H + W − and H − W + . In Fig. 3 we fix two Higgs masses almost equal (M H 2 = 400 GeV, M H 3 = 410 GeV), and show the dependence of σ tot and σ dif f on √ s. We take M H 1 = 280 GeV, tan β = 50 and the Euler angles are the same as in Fig.2 . In this case the cross-sections are strongly peaked at the resonance, where σ tot ≈ 4700 fb and σ dif f ≈ 1200 fb, and this corresponds to an asymmetry (eq. (13)) of ≈ −26%. Away from resonance the cross-sections fall sharply with √ s, in contrast to the case in Fig. 2a and 2b where sizeable values for σ tot and σ dif f were possible over a wide range of √ s. In Fig. 4a we plot σ dif f as a function of O 23 , for the same Higgs mass input parameters as used in Fig. 2 . We fix tan β = 50 and √ s = 400 GeV, and vary 2 Euler angles in order to explicitly show the dependence of σ dif f on O ij . One can see that the maximum value of σ dif f arises when O 23 = 1/ √ 3, which is the maximum CP violation condition applied in Fig. 2 . Note that σ dif f may be both positive and negative. The inner dots are eliminated by the ρ parameter constraint, while the thicker dots survive. We note that the latter points include the points that maximally violate CP. The ρ parameter constraint has a strong effect on the magnitude of σ tot , and rules out a sizeable parameter space where σ tot exceeds 3000 fb. This is shown is Fig. 4b , where one can see that the points which correspond to the largest values of σ tot are eliminated by the ρ parameter constraint.
Conclusions
We have considered the mechanism µ + µ − → H ± W ∓ in the context of the CP violating 2HDM, which proceeds via Higgs mediated s-channel diagrams and ν µ exchange in the tchannel. We showed that large values are possible for both the total cross-section (σ tot ) and the difference in the cross-sections (σ dif f ) for H + W − and H − W + . The latter represents a novel way of probing CP violating effects in the Higgs sectors. The CP violation originates from the interference between the weak phases in the vertices (H i H ± W ∓ , H iμ µ) and the strong phases in the propagators. We showed that both σ tot and σ dif f are maximized for large tan β and for √ s ≈ M H i , the latter corresponding to the familiar resonance effect. Values of σ tot ≥ 4000 fb are possible at resonance for tan β = 50, and this provides a copious source of H ± . Large values of σ dif f provide a clear way of observing CP violation, and we found that σ dif f ≥ 1000 fb is possible. Even σ dif f ≥ 2 fb would correspond to a mismatch of ≥ 100 in the number of H + W − and H − W + events, which should be readily observable. 
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